Abstract. A noncommutative extension of the Lévy Laplacian, called the quantum Lévy Laplacian, is introduced and its relevant properties are studied, in particular, a relation between the classical and quantum Lévy Laplacians is studied. We construct a semigroup and a quantum stochastic process generated by the quantum Lévy Laplacian.
Introduction
Since an infinite dimensional analogue of the usual Laplacian on an Euclidean space has been introduced and studied by Lévy in his famous book [15] and so called the Lévy Laplacian, the Lévy Laplacian has been studied in [5, 8, 21] . On the other hand, the Lévy Laplacian acting on white noise functionals has been introduced by Hida and studied by many authors within the framework of white noise theory, see [6, 11, 12] and the references cited therein. In recent years the Lévy Laplacian has afforded us much interest for its newly discovered relations with certain stochastic processes [2, 22, 25] , Yang-Mills equations [3, 14] , Gross Laplacian [9, 12] , infinite dimensional rotation group [16] , quadratic quantum white noise [19, 20] , Poisson noise functionals [24] and so on. In recent papers [1, 4, 5, 10] , noncommutative generalizations of the Lévy Laplacian, called the quantum Lévy Laplacian, acting on operators have been introduced and studied. In particular, in [1] , the authors studied the quantum extension of the time shift of the Brownian motion to give a positive answer to the Meyer's problem. Then the generator of the Markov semigroup generated by the quantum extension of the time shift is a quantum Laplacian. If we consider the Cesàro Hilbert space as a state space, then the generator is called the quantum Lévy Laplacian.
In this paper, we introduce a new type of noncommutative generalization of the Lévy Laplacian as follows: Consider a space L((S), (S) * ) of white noise operators within white noise Gelfand triple (S) ⊂ (L 2 ) ⊂ (S) * . Then by the kernel theorem there is a topological isomorphism U : L((S), (S) * ) −→ (S) * ⊗ (S) since (S) is a nuclear space. The classical Lévy Laplacian ∆ L acting on generalized white noise functionals is extended, denoted by ∆ L ⊗ I + I ⊗ ∆ L , to a subspace of (S) * ⊗ (S) * as a Lévy Laplacian acting on white noise functionals in two variables, where I is the identity operator on (S) * . Then for Ξ belonging to a certain class of white noise operators, the quantum Lévy Laplacian ∆ QL is given by
using the topological isomorphism U which can be easily understood through the (classical) Lévy Laplacian and the kernel theorem in the white noise theory. Therefore, the difficulty of domain problem for the quantum Lévy Laplacian comes back to the problem for the (classical) Lévy Laplacian. This point of view is one of our main purpose of this paper. This representation implies a natural quantumclassical correspondence (Theorem 4.8). Moreover, the quantum Lévy Laplacian in [1] can be represented by the quantum Lévy Laplacian in our approach. Note that the noncommutative extension of the Lévy Laplacian introduced by Ji-ObataOuerdiane [10] is slightly different from our quantum Lévy Laplacian. In [10] , the quantum Lévy Laplacian has been introduced by using the Wick symbols of white noise operators. On the other hand, in this paper we use the symbols of white noise operators for the quantum Lévy Laplacian. We study relevant properties of the quantum Lévy Laplacian, and construct a semigroup and a quantum stochastic process generated by the quantum Lévy Laplacian. The paper is organized as follows. In Section 2 we recall the spaces of white noise functionals. In Section 3 we remind the theory of white noise operators with study of the basic topological isomorphism U. In Section 4 we introduce the quantum Lévy Laplacian and study its properties with the natural quantumclassical correspondence. In Section 5 we study a domain of the quantum Lévy Laplacian. In Section 6 we construct an one parameter semigroup generated by the quantum Lévy Laplacian. In Section 7 we construct a quantum stochastic process associated with the quantum Lévy Laplacian.
White Noise Functionals
Let H R = L 2 R (R, dt) be the real Hilbert space of square integrable functions with respect to the Lebesgue measure dt and let A = 1 + t 2 − d 2 /dt 2 be the harmonic oscillator. The norm on H R is denoted by | · | 0 . Then for each p ≥ 0,
becomes a Hilbert space and we have a Gelfand triple:
where ∼ = stands the topological isomorphism and for each p > 0, S −p,R is the completion of the Hilbert space H R with respect to the Hilbertian norm | · | −p = | A −p · | 0 . Then S R becomes a nuclear space and coincides with the Schwartz space. The complexification of a real locally convex space X R is denoted by X C . If there is no confusion, we use the symbol X for X C .
The Boson Fock space over the (complex) Hilbert space H ≡ H C , denoted by Γ(H), is the Hilbert space consisting of sequences (f n ) ∞ n=0 , where f n ∈ H b ⊗n (the n-fold symmetric tensor product of H) and
where
which becomes a countable Hilbert nuclear space with the topology induced from the norms { · p ; p ∈ R}. We thus come to a complex Gelfand triple:
Let µ be the standard Gaussian measure on S * R of which the characteristic functional is given by
be the Hilbert space of C-valued square integrable functions on S * R . By the Wiener-Itô decomposition theorem, each φ ∈ (L 2 ) admits an expression 
An element of (L 2 ) is called a white noise functional. The nuclear space of white noise functionals which is corresponding to (S) under the Wiener-Itô-Segal isomorphism is denoted by the same symbol (S). The strong dual space of the nuclear space (S) is also denoted by the same symbol (S)
* . An element of (S) * is called a generalized white noise functionals. Thus we have the following Gelfand triple:
which is referred to as the Hida-Kubo-Takenaka space (see [11, 18] ). For each Φ ∈ (S) * , there exists a unique sequence
for all φ ∈ (S) given as in (2.1). Moreover,
In this case, we use a formal expression for Φ ∈ (S) * :
For p ≥ 0 let (S) p be the space of all φ ∈ (L 2 ) such that ||φ|| p < ∞ and (S) −p the completion of (L 2 ) with respect to the norm || · || −p . Then, for each p ∈ R, equipped with the norm || · || p , (S) p becomes a Hilbert space. The space is identified with the inductive limit space
For each ξ ∈ S ≡ S C , an exponential vector (or coherent vector ) φ ξ is defined by
which is corresponding to (ξ ⊗n /n!) ∞ n=0 denoted by the same symbol φ ξ . Then for each z ∈ S * , the exponential vector φ z is defined as a generalized white noise functional corresponding to (z ⊗n /n!)
. It is well-known that {φ ξ ; ξ ∈ S} spans a dense subspace of (S) and then white noise functional Φ ∈ (S) * is uniquely specified by the S-transform SΦ of Φ defined by
White Noise Operators
Since every continuous linear operator from (S) into (S) * has a Fock expansion [18] which can be considered as a superposition of the quantum white noise, a continuous linear operator from (S) into (S) * is called a white noise operator. The space of all white noise operators is denoted by L((S), (S) * ) equipped with the bounded convergence topology.
A white noise operator Ξ is uniquely specified by its symbol which is a C-valued function on S × S defined by
It is straightforward to see that the symbol Θ = Ξ of a white noise operator Ξ ∈ L((S), (S) * ) possesses the following properties:
The following characterization of symbols is proved by Obata in [17] .
Theorem 3.1. Let Θ be a C-valued function defined on S × S. Then Θ is the symbol of some Ξ ∈ L((S), (S) * ) if and only if Θ satisfies the conditions (O1) and (O2).
and the adjoint a * (x) is called the creation operator. Note that a(x) ∈ L((S), (S)) and a * (x) ∈ L((S) * , (S) * ). Since (S) is a nuclear space, by the kernel theorem we have the following isomorphism:
Therefore, for any x 1 , x 2 ∈ S * and ξ, η ∈ S we have
4. Classical and Quantum Lévy Laplacians
for some p ≥ 0. Moreover, both maps ξ → F (ξ) ∈ S * and ξ → F (ξ) ∈ (S ⊗ S) * are continuous. For more study, we refer to [7] . Now suppose we are given an infinite sequence {e n } ∞ n=1 ⊂ S. The sequence {e n } ∞ n=1 is not necessarily orthogonal, but in order to ensure some reasonable properties of the Lévy Laplacian, we need to assume some conditions on {e n }. We shall do so afterwards, see also the original definition due to Lévy [15] .
We consider the Cesàro mean of F (ξ), e n ⊗ e n defined by
The limit does not necessarily exist. Moreover, the limit depends not only on the choice of the sequence {e n } but also its arrangement. Let D L ≡ D L (S, {e n }) be the subspace of F ∈ C 2 (S) for which the limit (4.1) exists for all ξ ∈ S. For F ∈ D L we define
The operator ∆ L is called the Lévy Laplacian on S associated with {e n }.
We fix a finite interval T on R. Take an orthogonal basis {e n } ∞ n=1 ⊂ S for L 2 (T ) satisfying the equally dense and uniform boundedness property (see [11, 12, 16] ).
Then the Lévy Laplacian ∆ L is defined by
for some p ≥ 0 and any
exists for all ξ, η ∈ S. Consider the set consisting of Ξ ∈ L((S), (S)
This set serves as the domain of the operator ∆ QL in the next definition and will be denoted by Dom (∆ QL ).
Definition 4.1. For each Ξ ∈ Dom (∆ QL ), we write
where Υ Ξ is given as in (4.2). Then ∆ QL is called the quantum Lévy Laplacian.
Let S * L be the set of all elements f ∈ S * such that the limit
f, e n 2 exists.
Proposition 4.2. For any f, g ∈ S *
L , Ξ φ f ⊗φg ∈ Dom (∆ QL ) and we have
Proof. The proof is straightforward from (3.2).
Lemma 4.3 ([10]
). For η, ζ ∈ S and z ∈ C we have
where the right hand side converges in (S) uniformly in z running over a compact set in C. Therefore, d
Proof. For any ζ ∈ S and Ξ ∈ L((S), (S) * ), by applying Lemma 4.3 we have
which follows the first identity from the continuity of the canonical bilinear form ·, · . Similarly, the second identity is proved.
Theorem 4.5. For each Ξ ∈ Dom (∆ QL ) we have
Proof. By Lemma 4.4 we see that
If Ξ ∈ Dom (∆ QL ), the limit
exists and coincides with ∆ QL Ξ(ξ, η). Hence
from which (4.4) follows.
Theorem 4.6. For each Ξ ∈ Dom (∆ QL ), we have
Proof. For any ξ, η ∈ S, we have
Similarly, we prove that for any ξ, η ∈ S
Then the proof is completed by applying Theorem 4.5.
Remark 4.7. It is well-known in various contexts that
on Dom (∆ L ).
In fact, the right hand side is given a meaning as following:
Therefore, from Theorem 4.6 we can write
4.3. Quantum-Classical Correspondence. For each φ, ψ ∈ (S), we write φψ for the pointwise multiplication. It is well-known that the pointwise multiplication yields a continuous bilinear map from (S)×(S) into (S), see [11, 18] . For Φ ∈ (S) * and φ ∈ (S) we define Φφ = φΦ ∈ (S) * by Φφ, ψ = Φ, φψ , ψ ∈ (S).
Obviously, the map (Φ, φ) → Φφ is a separately continuous bilinear map. In particular, each Φ ∈ (S) * gives rise to a multiplication operator M Φ ∈ L((S), (S)
where φ 0 is the vacuum vector.
Proof. For any ξ, η ∈ S, by the derivation property of a(ζ) we have
On the other hand, we can easily see that
Therefore, for any ξ, η ∈ S we have
Therefore, by applying Theorem 4.5 with Ξ = M Φ , M Φ ∈ Dom (∆ QL ) and we have
which implies (4.7).
New Domains of Lévy Laplacians
where : · : is the Wick ordering. The S-transform of Φ is given by
By direct computation we can see that
We fix a continuous function γ : R → [0, ∞) such that there exists a stochastic process {X t ; t ≥ 0} with E[e izXt ] = e −tγ(z) for each t ≥ 0. For each n ∈ N, let D γ n be the linear space spanned by generalized white noise functionals of the form in Eq. (5.1), i.e.,
⊗n and α k ∈ R \ {0}, k = 1, 2, . . . , n satisfy the condition:
n is a linear subspace of (S) −p for any p > 5 12 (see [13] ) and ∆ L is a linear operator from D γ n into itself such that
n becomes a Hilbert space with the inner product of (S) −p . For each n ∈ N ∪ {0}, the operator ∆ L can be extended to a continuous linear operator
From now on, p > 5 12 will be an arbitrarily fixed number. For each N ∈ N∪{0}, we put
By the Schwarz inequality we see that for any N ∈ N, S γ −p,N is contained in (S) −p and is a Hilbert space equipped with the new norm ||| · ||| −p,N given by
Moreover, in view of the inclusion relations:
Note that the space S 
Therefore, ∆ L is a continuous linear operator from S γ −p,∞ into itself.
Therefore, the following result is straightforward.
Theorem 5.3. The quantum Lévy Laplacian can be extended to L γ −p,∞ as a continuous linear operator, denoted by the notation ∆ QL . In this case, we have
From now on we write
Then the following result is straightforward from Theorem 5.2. 
Semigroups Generated by Lévy Laplacians
For each t ≥ 0 we define G t on S γ −p,∞ by
Then for any N ∈ N we have
On the other hand, for each t, t 0 ≥ 0 and any N ∈ N, we obtain that
−p,N . Therefore, by the Lebesgue dominated convergence theorem, we see that
It is easily checked the semigroup properties that G 0 = I and G t G s = G t+s for any s, t ≥ 0. Hence {G t } t≥0 is an equi-continuous C 0 -semigroup. For each t ≥ 0, we put G
Proposition 6.1. The infinitesimal generator of the semigroup {G For each t ≥ 0 we put 
Stochastic Processes Generated by Lévy Laplacians
Let {X 1,t } t≥0 and {X 2,t } t≥0 be independent continuous stochastic processes of which the characteristic functions of X 1,t and X 2,t are given by E e izX1,t = E e izX2,t = e −tγ (z) and let ζ T be a smooth function in S with ζ T (u) = (1/|T |) 1/2 on T . We use the same notation ∆ QL as ∆ QL ( Ξ) = ∆ QL Ξ for any Ξ ∈ L γ −p,∞ . Then we can construct a quantum stochastic process generated by the quantum Lévy Laplacian as follows. 
Proof. Let l, m ∈ N. Suppose that Θ is given by
, and α j ∈ R \ {0}, j = 1, 2, . . . , l, β k ∈ R \ {0}, k = 1, 2, . . . , m satisfying the condition: UΞ l,m −p φ ξ p φ η p < ∞, ξ, η ∈ S.
Therefore, by continuity of e t∆QL we obtain that E [Θ(ξ + X 1,t ζ T , η + X 2,t ζ T )] = which proves the assertion.
For each Φ ∈ (S) * and η ∈ S, the translation T η Φ of Φ is well defined as an element in (S) * by T η Φ(·) = Φ(· + η) and then S(T η Φ)(ξ) = S(Φ)(ξ + η) for any ξ ∈ S. Therefore, for any η, ζ ∈ S and any operator Ξ ∈ L((S), (S) * ) we define T η,ζ Ξ by T η,ζ Ξ = U −1 (T η ⊗ T ζ ) UΞ.
With this notation the following corollary is obvious from Theorem 7.1. Proof. For each Φ ∈ S
